The binding energies of 4He and SH are calculated with some realistic potentials in the reaction matrix theory. The reaction matrix equation is derived from the internal Hamiltonian. The energy denominator is given after careful consideration of the difference between the total energies of the starting state and the intermediate state. The Pauli operator is treated without approximation in the two-particle scattering process in nuclei. The calculated binding energies of 4He and SH with Ramada-Johnston potential are 19.5MeV and 6.3MeV, respectively. The scattering wave function is also obtained. The root mean square radii with the correlated wave functions are 1.64fm and 1.67fm for 4He and SH, respectively. It is found that the contribution from tensor force in 3E state is very large, as compared with that in nuclear matter, and it is very important in order to obtain the sufficient binding energies of light nuclei to take into account this contribution through the two-particle scattering process in nuclei. The D state mixing ratios are about 14% and 8.5% for 4He and SH, respectively.
The reaction matrix theory by Brueckner-Goldstone-Bethe 1 > has been developed extensively in the case of nuclear matter. A main contribution to the binding energy of nuclear matter is given in terms of independent pair scattering mode. In order to obtain a deficient part of the binding energy, the contributions from three-1 d), 5 ) and four-2 > particle scattering correlations and a three-body nuclear force 3 > have been investigated. In spite of these accumulated researches, the problems of nuclear matter have not been solved completely.
The contribution from the independent pair scattering mode is fairly dependent on the properties of a two-body nuclear potential used, especially on its strength of tensor force in triplet-even (BE) state and its behaviour of repulsive core. 4 >· 5 > A potential with a large hard core and a strong tensor force does not give a sufficient binding energy. For example Ramada-Johnston (H-J) potential gives only about half of the binding energy of nuclear matter and more than 5 MeV /particle remains as a deficient part in the present stage of the theory even *J Preliminary report of this work was published in Soryushiron Kenkyu (mimeographed circular in Japanese) 40 (1969) , Dl. if the three-body force is taken into account. ·On the other hand the same potential H-J gives very good results for the two-and three-body problems. 6 > Unfortunately, potentials other than H-J have not been investigated fully in light nuclei. In order to make clear the conclusion about the binding energy of nuclear matter it is necessary and important for us to draw some information and criterion about various realistic potentials through the investigation of the binding energy of light nuclei.
In spite of above-mentioned situation the results of nuclear matter show that an independent pair model (I.PA.M.) is a good starting basis on which nuclei are investigated with realistic potentials. On the basis of the I.P A.M. the effective interactions have been derived from realistic potentials and their important features such as density dependence have been revealed. These essential features of the effective interactions being taken into account, the single particle energies and charge-density distributions are successfully obtained. 7 •>-d> The I.PA.M. plays important roles also in finite nuclei, for example, through giving the effective interactions in some model spaces. 7 •>-gl The binding energies of finite nuclei have been investigated in the reaction matrix theory. 7 h>-k> Although the binding energies have not also been obtained sufficiently in the theory similarly to the case of nuclear matter, it may be accepted that the I.PA.M. is the first starting point for investigation of finite nuclei.
In order to make clear the validity of the I.P A.M. it is very significant to apply the reaction matrix theory to the lightest nuclei 3 H and 'He using the realistic two-body potentials which, in variational calculations, give good results for the three-body problem. If a discrepancy between the binding energy by the I.P A.M. and the experimental one arises in the lightest nuclei similarly to the case of nuclear matter, it may be easier in the lightest nuclei to investigate the cause for the discrepancy which should include effects from nuclear surface and contributions from higher cluster correlations and many-body forces.
It is particularly interesting to apply the reaction matrix theory to the fourbody system 'He. It is difficult to treat it by the usual variational method with realistic two-body potentials which have strong repulsive cores and strong tensor forces. The nucleus 'He has an extra gain of the binding energy among light nuclei and this gain relates to the alpha-clustering which is in some cases a base of the structure of light nuclei. Therefore, it is important to seek for the origin of the extra energy gain starting with independent pair scattering mode with realistic potentials and to clarify the binding mechanism of 'He.
To what extent the I.PA.M. works and brings the binding energies in the lightest nuclei 3 H and 'He is the matter of our first concern. It is also the purposes of this paper to reveal the features of the correlations in 8 H and 'He which are closely related to repulsive cores and tensor forces of realistic potentials, to draw some informations about various realistic potentials, and to show some differences about the binding mechanism of these nuclei.
There are some points to be noticed in application of the reaction matrix theory to light nuclei.
The independent particle model is not necessarily good for light nuclei. Applicability of the reaction matrix theory does not necessitate the goodness of independent particle model but depends essentially on superiority of the independent pair scattering mode and good convergence of the linked-cluster expansion, i.e., an expansion series of power of density. Superiority of the independent pair scattering mode depends on a well-healing behaviour of the two-body scattering correlation function, which is assured by Pauli principle and an effectively weak behaviour of the attractive part of a two-body potential_Sl It may be expected that superiority of the independent pair scattering mode also comes into existence in light nuclei and I.P A.M. becomes a good starting basis, although the healing behaviour may be worse than that in heavy nuclei because of the surface effects and so the cluster correlations become large. In order to confirm the above expectation and to clarify applicability of the reaction matrix theory it is necessary to investigate the structure and contribution of each clusterexpansion term quantitatively. The A -1 -terms which can be neglected in nuclear matter are contained in each density-expansion term and are treated together with other diagrams of each term in the hole-line-expansion method. 6 l Some authors have calculated the binding energy of 4 He by the reaction matrix theory. 9 l In some cases the ~nergy spectrum of the harmonic oscillator (h.o.) potential is used for the particle states which appear as intermediate states in the reaction matrix equation and in other casesnl the free energy spectrum, i.e., only the kinetic energy is used approximately. We use the hole-line-expansion method and give up the concept of the single particle potential for the particle states. However, it is unnatural that no single particle potential is taken into account for the particle states just above the Fermi surface. We investigate also an effect of potential insertion in the particle states just above the Fermi surface by use of the reaction matrix off the energy shell.
In application of the reaction matrix theory to finite nuclei, difficulties arise in use of the self-consistent single-particle wave function and in treatment of the center of mass (c.m.) motion of a whole nucleus especially in the lightest nuclei. As for the former it is known that the single-particle wave function as the result of Hartree-Fock calculation is well approximated in light nuclei by the h.o. function, except for the tail. 10 l This fact is favorable to the reaction matrix theory since the interaction energy comes mainly from the inner part of the relative wave function and its tail is less important. In this paper we use a simple h.o. function and do not perform the double self-consistency procedure. However, we estimate also the error by superposition of h.o. functions for the singleparticle wave function.
When a simple h.o. wave function is used, the elimination of the c.m. motion of a whole nucleus is rather easy because the c.m. wave function is separa-ble in the ground state which appears explicitly in our calculation. We start with the internal Hamiltonian which does not contain the c.m. motion of a whole nucleus. difficulty.
In this case the two-body relative motion can be separated without any On the other hand the evaluation of the energy denominator in the intermediate state becomes troublesome, since the concept of a single particle motion cannot be introduced without ambiguity especially in the lightest nuclei. But it is favorable that an error is confined only to the energy denominator and affects the binding energy only indirectly. We take into account carefully the difference between the total interaction energy, which is a sum of the reaction matrix elements over all pairs, of the initial state and that of the intermediate state.
The formulation is shown and discussed in § 2, where we use the hole-lineexpansion method. We use the potentials 11 l H-J, OPEH, OBEP-K, OPEG and Reid SC as the realistic two-body nuclear potentials, which give typically different results in nuclear matter. The results for 3 H and 'He from only the twoparticle scattering term are given and discussed in § 2. 4. The off shell properties of the various two-body potentials are also discussed. In § 3 we estimate the various correlations and discuss the convergence of the expansion. We also investigate some corrections, i.e., the effects of superposition of h.o. functions for a single-particle wave function and potential insertion m particle states in the intermediate states. The concluding remarks are given in § 4. § 2. Contributions from the independent pair scattering mode to the binding energies of 'He and 3 H
1 Formulation
In this section we show our reaction matrix formalism, applying it to the case of 4 He. Similar formulation is also used for the case of 3 H. As mentioned in § 1, we start with the internal Hamiltonian which does not contain the center of mass motion. (2·1) where Tintr stands for the internal kinetic energy only and contains three independent internal coordinates. V, 1 is a two-body potential. In this paper we omit the Coulomb potential.
In the reaction matrix theory the eigenfunction of Hintr is given approximately by 'IJ!int<> which is connected with the model wave function rDintr by the multiple scattering operator F:
where F is expressed by two equations The reaction matrix G is the solution of the equation (2·4) where QiJ is the Pauli projection operator.
Here we apply the hole-line-expansion method also to the lightest nuclei. The higher cluster correlations in this expansion are mainly of short range, and these in the lightest nuclei may be similar to those in nuclear matter. Therefore, the good convergence of this expansion may be expected also in the case of the lightest nuclei. With respect to this point we discuss quantitatively in § 2. 4 and § 3.
In the hole-line-expansion method the non-diagonal matrix element of Gih which is named Iih is defined as follows:
where the definition of G is given below Eq. (2 · 8). Using above operators, the left-hand side of Eq. (2 · 2) is rewritten as follows:
We define a model Hamiltonian HM and an energy denominator e as follows:
It is noted that all quantities contain only the internal coordinate. The operator GiJ is defined so as to comprise the diagonal part of GiJ and the non-diagonal part through which the total potential operator IG(l-Q) comprises the non-diagonal elements between the model ground state and the states connected with it by the kinetic energy operator Tmt.·· Generally speaking, the energy Eintr is given by Goldstone's linked cluster expansion and there exist other terms, for example hole-hole correlation energies, than those in Eq. (2 ·10). In the hole-line-expansion method ladder type diagrams with the same number of hole lines should be treated together as a cluster.~>
2 Independent pair scattering mode
Here we take the model ground state wave function as follows: (Hereafter we omit the su:fix "intr".) 0 (u, v, w, spin, r-spin) =rp (u, v, w)t..A{o-(1, 2, 3, 4) , r(1, 2, 3, 4)}, (2·11) (a) ,J\' £, (b) Fig. 1. Internal coordinate system for 4H e;
(a) For calculation of two-particle scattering term and (b) for calculation of threeparticle scattering term.
are written as follows:
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where the last factor stands for the antisymmetrized spin and iso-spin wave function for four nucleons, where the total spin and iso-spin are both zero, and rp is a symmetric spatial wave function which is assumed here to be the s-state function of a simple harmonic oscillator. We take an internal coordinate system as shown in Fig. 1 (a) . Then the spatial wave function and the kinetic energy operator rp (u, v, w) 
where Ra=i :E~=1rt and rp(u)'s are normalized wave functions. vis the strength parameter of harmonic oscillator. As seen from Eqs. (2 ·12) and (2 ·13), the wave function and the kinetic energy of a pair can be separated from the remainder. rp ( w), for example, is the relative wave function of two particles 3 and 4 in Fig. 1 (a) . The reaction matrix equation for the pair of particles 3 and 4 (we denote that pair by a) is given as follows: 
where < >ott indicates the off-the-energy-shell matrix element since a particle other than the pair {3 is excited. In our calculation we set IC's zero approximately, because " may be smaller than 1 in average intermediate states and also the offthe-energy-shell matrix element is smaller in absolute value than that of on-theenergy shell. With respect to this matter we shall investigate in another form of a particle state potential, afterwards. It is noted that the results with "= 0 may correspond to the upper limit*l of the total energy in the approximation for "· In compensation for the above mentioned ambiguity in the energy denominator, which may bring only a small error to the total energy, the Pauli projection operator Qa is related only to the relative motion of the pair and, therefore, we are free from a troublesome estimation of one particle jump excitation and from an ambiguous treatment of the c.m. motion of the pair in the intermediate state, which one encounters in the shell model treatment.
Here it is also noted that, as seen from Eq. (2 ·16), the interaction energy of the initial state containes effectively only five pairs, not equal to 2V0, where V 0 is a single particle potential energy. of the A -I term in the energy denominator.
six, and so is not This is an effect
In the above discussion of our treatment it is also assumed, as is done in a usual reaction matrix calculation, that the model Hamiltonian is diagonal with respect to model wave functions of Eq. (2 ·12).
Mter all, the reaction matrix equation to be solved is obtained in the following form:
The energy by I.P A. scattering mode is given by the two-body term as follows:
3 Solution of reaction matrix equation
We solve the reaction matrix equation (2 ·17) self-consistently with respect to the energy denominator and the reaction matrix. In order to treat Pauli operator simply and correctly we divide the calculation into two steps where, first, we replace Q by 1 and solve the coupled differential equation and afterwards we deal with operator (Q -1) algebraically. 7 kl Reaction matrix 0 G with Q = 1 *l
The reaction matrix 0 G is defined by Eq. (2 ·17) in which Qa is replaced by 1. The initial wave function with the spin-angular part of the pair a is
The partial wave expansion of the scattering wave function IS expressed as follows:
The coupled differential equation for 0 Utr, 8 is derived as follows: Here spin integration is performed in Eq. (2·21e). As seen from Eq. (2·21c) r a 2 depends on the eigenstate of the pair a. There are two eigenstates, (:S+l) [J = 1 s0 and 8 s1• Since an approximation in r a 2 affects the result only indirectly, we use, instead of r a 2 , an average value '( 2 defined by where V0 is an average single particle potential energy.
In order to treat the healing behaviour carefully, we solve Eq. (2 · 21a) by transforming the coordinate r to x which is defined by x=1/(1+r). 12 "> By use of x we can correctly treat the boundary conditions which are given as follows:
at r=re, at r is infinity, where rc is a hard core radius for a hard core potential.
The transformation is also convenient for the singular potential at short range since an equi-distance mesh in x brings a denser one in a smaller region of r. To solve the differential equation (2 · 21a) we use the matrix method with the five-point finite difference. 12 h> In our calculation we take a mesh size of x to be 1/24.
Using the solution of 0 X~f the reaction matrix 0 G at the first step is obtained as follows:
We can divide the expression of Eq. (2 · 24) into the core volume part G 0 v, the core edge part G 0 E and the attractive part Gfs/ 3 )
and use this expression for cross check of numerical calculation. The results of 0 G by two expressions coincide with each other within 1% in our calculation.
Introduction of Q operator
The final reaction matrix Ga can be obtained from 0 Ga by the equation
As seen from Eq. (2 · 26), the treatment of Pauli operator at our second step is very simple for 'He, since the state projected by Qa -1 is only one; the initial state in relative motion. Thus the matrix element of Ga is given by
where Equation (2·27) prepares coupled two equations for two unknowns <GCSs1)) and <GCso)),
By solving Eq. (2 · 28) algebraically, the reaction matrix elements are finally obtained as follows :
For a given value of parameter li, we perform interaction procedure until the _ self-consistency of V0 and G is achieved.
The scattering wave function
Generally the two-step procedure is not suitable for obtaining the true scattering wave function as seen from an example of the reference spectrum method 13 l in the case of nuclear matter. But in the case of 'He, the true scattering wave function can be obtained easily by the two-step procedure in our treatment since the Q -1 operator projects only one initial state q7 ( w).
The true scattering wave function 1/Ja is connected with the scattering wave function of the first step 0 1/Ja by the following equation which is derived from We use five types of the nuclear potentials, H-J, OPEH, OPEG, Reid SC and OBEP-K. In the calculations of the binding energy of nuclear matter these potentials can be divided into three groups which give results different from each other, i.e., the binding energy by H-J is about 8 MeV /particle without higher correlations, those by OPEH, OPEG and Reid SC are about 10'"'-Jll MeV /particle and that by OBEP-K is about 15 MeV /particle. 6 l• 14 •l It has been shown 14 b) that the contributions of higher correlations and a threebody force amount to about 5 MeV /particle and the binding energy of nuclear matter becomes 16 MeV /particle in the case of Reid SC. On the other hand in the case of H-J the higher correlation (three-particle scattering correlation) reduces6l the binding energy owing to its large hard core in contrast to the case of soft core potentials. Thus it is very interesting to investigate in the lightest nuclei the effects of the repulsive core and of the tensor force in 8 E-state, using the potentials with different strength of them which give the equivalent results in the two-body problem. (-6.5 to -7 .0MeV) at v=0.45'"'-J0.48fm-2 (0.32'"'-J0.36 fm-2 ) for other potentials. Even in the worst case in 4 He, i.e., the case of H-J, the interaction energy of the independent pair scattering mode amounts to -56.8 MeV and is the most part of the whole interaction energy. And the lack of interaction energy by about -10 MeV is about the same, or even smaller, rate as that in nuclear matter. The energy of 3 H is further well reproduced by the independent pair scattering mode almost irrespective of potentials used.
From these facts, we can get an important conclusion with respect to the applicability of the independent pair model to the lightest nuclei, that is, the independent pair scattering mode is dominant in energy also in the lightest nuclei as in nuclear matter. In Fig. 3 the reaction matrix elements (G(ls0) ) and (G CSs1)) are shown as functions of v. It is seen from this :figure that the matrix element in the 3 s1 state is fairly larger than that in the 1 s0 state. This is a very different situation from the case of nuclear matter, where the contribution from the 3 s1 state to the total energy is nearly equal to that from the 1 s0 state at the normal density. 4 l· 5 l The difference comes from the renormalization of the tensor force to the diagonal matrix element which depends sensitively on Pauli exclusion in the intermediate state and especially on the starting energy of two nucleons in the energy denominator. In the case of the lightest nuclei (b) aH. 4 He and 3 H, there is only one level in the Fermi sea and the absolute value of the starting energy is small in contrast with the case of nuclear matter. In the case of nuclear matter, there are many levels to be projected out by Pauli principle and the absolute value of an average starting energy becomes large. Thus in the lightest nuclei the renormalization of the tensor force in 3 E-state becomes very large compared with the case of nuclear matter and gains a large amount of energy.
The level in 3 H is very shallow compared with that in 4 He and, therefore, the starting energies in both nuclei are very different from each other. Under such a situation the matrix element (GCSs1)) varies drastically from 3 H to 4 He corresponding to a variation of the starting energy, as seen also in Fig. 3 . If the matrix elements in 3 H were used as those in 4 He, the binding energy of 4 He would increase unjustly more than 5 MeV. Although in an actual case the matrix elements are reduced in 4 He, increment of number of bonds brings an increc ment of the binding energy from 2 MeV /particle in 3 H to 5 MeV/ particle in 4 He.
0.1
A dependence of the reaction matrix on the starting energy ap--5.0 pears drastically in light nuclei and it may be an interesting problem to investigate some light nuclei, for example 7 Li, in relation to saturation mechanism. It may be thought that the renormalization of the tensor force in 5 E-state plays an important role for realizing the state with an alpha-like cluster structure in some nucleus 25 l and sometimes appears as the effective interaction in 3 E-state varying in each shell of a nucleus. ·~· ..
In comparison with a usual variational method it is emphasized that in the reaction matrix theory the short range correlation and the D-state mixing by the tensor force are successfully taken into account by solving the two-particle scattering equation in the nucleus. And it is also emphasized that a large part of the binding energy in the scattering mode comes from the tensor force and a large probability of D-state mixing is obtained. For H-J the probability is about 14% (8.5%) for 4 He CSH), as estimated by use of the correlated wave function 'lflintr in a first order approximation for F in Eq. (2 · 3) as follows:
The component of J = 1 and S = 1 in the last term is expressed as -{1/c(r) + 'l/T(r)S12}, which is the defect function explained in § 3. 2, and the term 1/T(r)S12 contributes to the D-state of the total system. In a usual variational calculation of 4 He it is very difficult and troublesome to obtain such a large binding energy, giving both proper short range and D-state correlation functions.
In Fig. 4 we show the scattering wave functions of the relative motion of two particles, obtained by Eq. (2 · 32). The healing takes place roughly at about 2.0 fm in the relative coordinate. In the case of 4 He the parameters C which relate to Pauli correction are 0.842 and 0.758 for 1 s0 and 3 S1. respectively. These small values of C compared with 1.0 assure the rapid healing behaviour. This short range healing suggests that the higher correlation energies are not so large and the independent pair picture is good. These scattering functions can be investigated through, for example, the experimental charge form factors.
With the approximate wave function Eq. (2 · 33) the root mean square (r.m.s.) radius of 'He is calculated and is obtained as 1.44 fm at the minimum energy, i.e., v=0.4 fm-'. When we take into account the finite size of proton, 0.78 fm, 111 "> the resultant r.m.s. radius by our calculation becomes 1.64 fm and is in very good agreement with the experimental value 1.63 fm. 16 b> H the model wave function 0intr is used, the h.o. parameter JJ of 0.4 fm-' corresponds to the r.m.s. radius of 1.85 fm. It is noted that "shrinkage" of Wintr is large as seen easily from the figures of cp .. and q; .. in Fig. 4 and, therefore, it is necessary to use an "effective" r.m.s. radius in the model space. 9 b> The same calculation is also performed in the case of 8 H. The .r.m.s. radius with the correlated wave function is 1.47 fm and the experimental value with correction of the finite size of proton is 1.70 fm. 16 •> In this case agreement is not very good. It is noted that in the case of 8 H the "shrinkage" is very large in the tail as seen from Fig. 4 (h) and it may be thought that this "shrinkage" is affected by use of different types of model wave functions.
Generally it may be said that the potentials, which reproduce the two-body data and have the similar off shell behaviour, give nearly equal results of the binding energy of the lightest nuclei. It is said that. the potentials used in our calculation are like such forces, since the differences are minor compared with the total interaction energy, especially in the case of 3 H. 16 l However, the reaction matrix in a nucleus is determined by the off shell property of the two-body potential in the free two-body scattering. Furthermore the propagation in a nucleus is different from that in the free two-body scattering with respect to the Pauli exclusion in the former.
In the case of 8 H, the difference in the off-shell properties of the two-body potentials does not appear very clearly, since the nucleus 3 H is not a tightly bound system. We proceeding to 'He, however, the propagation becomes strongly off the energy shell in the sense of the free two-body scattering. Thus the differences in the reaction matrix elements of the different types of the two-body potentials appear, being amplified, in 4 He as seen from Fig. 3 , even if the off-shell properties are similar to each other in the two-body problem. The difference by about 2 to 4 MeV in the binding energy of 'He comes from the difference in the strength of the tensor force renormalization and in that of the repulsive core, as seen from the fact that (GCs0)) of H-J is appreciably shallow shown in Fig.   3 . The potential with weaker repulsive core and tensor force gives larger binding energy. Thus we may be able to discriminate the two-body potentials in the calculation of the binding energy of 4 H~, though it may be ambiguous to do so in 8 H.
Of course, this tendency is strengthened in heavier nuclei and we can confirm this fact by looking at the behaviour of the binding energy by OBEP-K, which gives the largest one in the case of nuclear matter. 5 l It is known by the variational calculation 6 l that H-J gives a binding energy of 6.5 MeV for 3 H, which is a good result if we take into account an energy gain of about 1.4 Me V 17 l by the three-body force, and OPEH may give a slightly overbound energy. 18 l If we take the results by OPEH as a criterion of giving an overbound energy or less one in a variational calculation for the lightest nuclei, we may say that OPEG and OBEP-K have a possibility of giving overbound energies and OPEH and Reid SC are near the critical region.
If so, the results with these potentials should be rejected in the 4 He problem and also in the nuclear matter problem. Therefore the binding energy of 4 He by I.PA. scattering mode can safely be said to be 19.5 MeV.
The energy gain from about -20 MeV of H-J to -29 MeV of the experimental total energy (without Coulomb energy) should be left to higher correlations, some "collective motions", for example, breathing motion 19 l and manybody forces. In contrast to the case of 8 H this large deficiency in 4 He may suggest the existence of some kind of "four-body correlation". We shall mention some of them in the following sections. § 3.
Various correlations and corrections
In this section we calculate and estimate contributions from the various terms in Goldstone's linked cluster expansion, which are not taken in the independent pair scattering mode in § 2. In § § 3. 1""'3. 3 we take into account some important diagrams ("correlations") and in § § 3. 4 and 3. 5 some "corrections,. to our treatment in § 2. In the following we show results only of the case of 4 He with H-J potential.
1 Rearrangement correlations
It seems to be important to investigate the rearrangement correlations which take place in the hole states during the scattering of the two particles, since in the lightest nuclei there are very small numbers of nucleons and the rearrangement correlations seem to have a relatively large effects. It is also important to notice that the lower order diagrams of the rearrangement correlations, which are shown in Figs. 5(a) and 5(b) , are concerned with essentially four particles, because they cannot appear in the three-particle system. There is a possibility for them to be responsible for the fact that there happens a large difference between the experimental and a calculated binding energies as we proceed to 'He from 3 H. aff3lt u (a) (c) Fig . 5 . Diagrams of rearrangement correlations; (a) hole-hole correlation, (b) virtual rearrangement of second order for a single hole state and (c) particle-hole correlation.
First we estimate the diagram shown in Fig. 5 (a) , which indicates the holehole correlations during the two-particle scattering where all quantities are on the energy shell and T is the total iso-spin of the pair. The defect function X is defined in Eq. (2 · 21b) where the scattering wave function °U is replaced by that with Pauli projection, Eq. (2 · 32). Therefore, we can calculate this correlation energy without any approximation in our method of § 2. The overlap integral <xlx) of the 3 s1 state contains the central and tensor parts and the latter is much larger than the former, since the defect function of the latter is the scattering wave function U02 itself with minus sign and it has a large and long tail. The contributions are shown in Table I . It is noted that vV~~.,. is mainly composed of tensor contribution and becomes larger as density does. As seen from Table I , W"" per particle is about -0.9 MeV at the minimum energy which is larger in absolute value than that of nuclear matter.2b)
The diagram 5 (b) is the so-called virtual rearrangement energy for a singlehole state which was discussed by Brueckner and Goldman 20 > ,.+Ei-Ec-Em-J=<e) .fl' which is independent of E._ and Eb. <e).fl' contains a jumping energy of three particles whose average value is much larger than 3hw and <G),.a is an average matrix element of one particle jump whose absolute value is less than that of the diagonal one <G). Thus the contribution of Fig. 5(b) is reduced by a large factor compared with that of Fig.  5(a) .
The contribution from such a diagram as Fig. 5 (c) is also smaller than Whh by a large factor because the reaction matrix between particle and hole states is greatly reduced in average.
2 Three-particle scattering correlation
Now we estimate the three-particle scattering correlation which contains the whole three-hole-line diagrams. We can obtain the three-particle correlation function by solving the Bethe-Faddeev type equation 1 d) and its energy by the equation
The notations are the same as those in the papers 5 > on the nuclear matter. There are some differences in the explicit expression from those of the nuclear matter.
If we use an internal coordinate system shown in Fig. 1 (b) , the coordinate of the particle 4 is separated in the kinetic energy and the simple h.o. wave function. Thus we obtain . (3·4) The factor 4 and (v 2 /3rc 2 ) 3 12 comes from the numbers of combination of three particles and the normalization of the internal wave function, respectively.
Generally Wa includes the contribution of the tensor force and we estimate its contribution by introducing it in the final and initial states of three-particle scattering diagram. It is pointed out by Dahlblom 21 > that W 3 in nuclear matter becomes attractive due to this contribution. The G (Bs1) in Eq. (3 · 4) has parts, Ga and GTS12, where the effective tensor force GT(r) is given by
GT(r) = VT(r) Uoo(r)/Roo(r)

+ -./ 8 {Va(r) --2VT(r) -3VLs(r) -3VLL(r)} Uo:(r)/R00 (r), (3·5)
where all quantities are of the 3 s1 state. The function ' fJ on the energy shell for 8 S1 state is composed of 'fja and 1JTS12, where 1Ja= 1-U00/ R 00 and 'f/T= -(1/ -./8) U02/ R00• Since the terms with single S12 function vanish, the part of Z which contributes to W 8 together with GT is given by (in Day's approximation 22 In order to obtain r:;, function appro;x:imately we use the plane wave for the model wave function off the energy shell, since average excitation energies of virtual two-particle scattering states are very high because of hard core.
Main contribution to Ws comes from the tensor force. When we use a small starting momentum 0.725/rc 23 > for the off-energy shell propagation, the value of W 8 is negative and less than 1 MeV in absolute value, which corresponds to the most favourable case. It is known that W 3 depends sensitively on the starting momentum. If we use a large momentum, for example rc/2rc, W3 will become nearly zero or positive. Anyhow the absolute value of W 8 is very small compared with that in nuclear matter. This is caused by a small value of the normalization factor (v'/3rc 2 ) 8 1 2 in Eq. (3 · 4) which corresponds to p 2 in the case of nuclear matter. For e:x:ample, the value of the former is 0.0051 fm-6 with v=0.44 fm-3 and that of the latter is 0.032 fm-6 with r0 = 1.1 fm. Even if we take into account symmetry considerations, the former is less than the latter by one order of magnitude.
3 Summary about various correlations
It is difficult to estimate the energy of tion. We do not investigate it but we may the four-particle scattering correlaexpect that it will not give so large contribution to the total energy; this is because it is proportional to a higher power of the normalization factor and greatly reduced from values'> in nuclear matter because of the low density of 'He, as mentioned in the case of W 3 at the end of the previous subsection.
Thus it may be said that the many-particle scattering correlations are very small and W,.,. is the largest contribution to the en- It may be necessary to investigate the residual parts of the binding energies m relation to many-body forces.
4 Improvement of simple h.o. wave function
In order to investigate various corrections, we adopt the shell model treatment in the following. The differences in the calculation o£ the reaction matrix from our method in § 2 are (1) tC = 0 exactly in the energy denominator in the hole-line-expansion method and (2) it is necessary to take into account the oneparticle jump in the intermediate state. In our calculation we neglect the nondiagonal coupling between the c.m. states of two-particle scattering in intermediate states.
First we estimate an effect of an improvement of the simple h. o. wave function.
In the full treatment of the reaction matrix theory, it is necessary to determine self-consistently the single particle wave function. We do not perform such function for the internal Hamiltonian.
5 Potential insertion in particle states
Up to this point, following the hole-line-expansion method, we have taken th~ PC?tential energy of the particle state to be zero. This is founded on the fact that the threecparticle scattering correlation reduces the potential energy off the energy shell especially a:t high momenta, which is shown by calculation of nuclear matter. 1 dl It is unnatural, however, for finite nuclei from experiences of model calculations that the potential energy of the particle state just above the Fermi surface is taken to be zero.
Here we estimate the effect of potential insertion in the particle state just above the Fermi surface.
It is easy in the frame of our hole-line-expansion method to take into ac~ count its effect on the binding energy, by defining QiJ operator to project out such particle states (which are called the states in the region II) together witll.
the occupied states (which are called those in the region I). Using such a Q .. operator (called Qm; the region III is the other than the regions I and II), we obtain the reaction matrix G in Eq. (2 · 5) by two-step method, 24 l defining th~ reaction matrix Gm as follows: (3 ·11) where i, j both in region III . (3 ·12) For the region III the potential energies are given up applying the hole-lineexpansion method and so Gm can be solved by a similar method to that for 0 G and G in § 2.
In the next step, using the relation similar to Eq. (2 · 26), we obtain the reaction matrix G as follows:
The relation of Q and Qm is given from their definitions as follows: 
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The energy denominator in the region II is defined as follows:
where a factor 1/2 comes from the fact that in 4 He only two particles are remained in the occupied states when the pair a is jumping to the particle states and we take an average value independent of the pair a.
The off-energy shell reaction matrix G.ft' is defined similarly to G with the energy denominator implying the energy gap J in the off-energy-shell propagation.
Thus, by the above two-step method we can take the off-energy-shell potential of the particle states into the ladder diagram in the region II. If we take v.ft' terms in the energy denominator to be zero, the above treatment of us will be reduced to the simple shell model treatment with the potential energies of all particle states zero.
It is noted that the reaction matrix Gm at the first step is the so-called effective interaction in the model space, Dd) i.e., the regions I and II which are projected out by Qm. Then, using matrix elements of Gm, we can estimate various correlations in the model space. For example, the bubble diagrams such as Fig.  8 are taken into the ladder correlation by Eq. (3 ·13), and they are included in Fig. 8 . Diagrams of potential insertion in particle states. the three-particle and four-particle scattering correlations in the case of the holeline-expansion method in § 2.
Taking Op and !s-Od shells as the states in the region II and the energy gap J to be 2hw in average, we have calculated Gm and G for on-and off-energy shells self-consistently, in Eqs. (3 ·11) , (3 ·13) , (3 ·15) and (3 ·16) .
In order to see clearly the effect of potential insertion, we, first, calculate G matrix elements from Gm by the two-step method without the off-energy-shell potential energy, that is, we take V.w= 0 in Eq. (3 ·15) . This corresponds to the shell model treatment, with one-particle jump in the region II, where potential energies of all particle states are given up. Next, we perform the same procedure with V.ft'~O and obtain overall self-consistent (G) and (G.w).
The results are shown in Table II . The discrepancy between the results in § 2 and here with V.ft'=O may be attributed to the treatment of the oneparticle jump in the shell model treatment. The energy gain by potential insertion in the particle states just above Fermi sea is about 2 MeV. This effect is not so large in comparison with the total potential energy of 'He and it may be understood from the fact that for the singular force the low momentum transfer part is not so important and, in the lightest nuclei, the potential energies of the particle states are very small, which are shown in Table II , because of small number of particles in the Fermi sea. However, this gain is a large one among those of various correlations investigated in this section. If we could take into account this effect in our treatment in § 2, the binding energy of 'He will be increased to about 25 MeV together with whh.
The small potential energies of the particle states bring the situation where the si'ngle particle levels just above the Fermi surface are very far from the level at the Fermi surface. These large spacings make the other correlations in the model space small and may assure the convergence of Goldstone's expansion series. § 4. ' Concluding remarks Now the conclusions are given in this section. 1) As the first conclusion it can be said that the validity of the independent pair model is well confirmed also in the lightest nuclei and the independent pair scattering mode brings the most part of the binding energy similarly to or better than the case of nuclear matter. The higher correlation terms bring much smaller energy than that of the independent pair scattering mode and it may be said that the convergence is very good.
The binding energies of 'He and 3 H obtained by the independent pair scattering mode are 19.5 MeV and 6.3 MeV, respectively, for H-J potential.
These energies are obtained very easily by our method compared with usual variational methods. Use of the internal Hamiltonian which does not contain the c.m. motion and the correct treatment of the energy denominator are impor-tant to obtain these large binding energies for the system of few nucleons. 2) · It is noted that the absolute value of the reaction matrix element (G CSs1)) is much larger than < G Cso)). This situation is similar to that in deuteron but very different from that in nuclear matter, where the contribution of (G CSs1)) to the binding energy is almost equal to that of <GCs0)).
It is· concluded that, although the main part of nuclear saturation is induced by the l.ndependent pair scattering mode in almost every nuclei including the lightest i:J.Uclei, the implication of the reaction matrices in 8 3) In order to gain a correct binding energy for light nuclei, it is necessary to take into account the tensor force through the process of the pair scattering motion. The D state is well mixed through the pair scattering motion and the mixing ratios are obtained to be about 14% and 8.5% for 4 He and 3 H, respectively.
It is deduced from the important role played by the tensor force that the "effective" interaction in nuclei changes for light or heavy nuclei and also for condensed uniform states or clusterized (where lightest nuclei are nearly separated in a nucleus) states of the same nuclei. This is one of the implications of "effective" interaction, which depends on the structure of the levels where two scattering particles are staying at first. In other words, the effective interaction has the "starting energy dependence". 4) The various two-body potentials used in our calculation may have very similar on-and off-shell properties in the two-body problem. In nuclei, however, the propagation in the I.P A. scattering is strongly off the energy shell in the sense of the free scattering and also affected by the Pauli exclusion. Differences in the reaction matrix elements by these factors appear clearly in 4 He and heavier nuclei; in other words, not very clearly in 3 H. If we take the results by OPEH as a criterion on the binding energy in the sense discussed in the last of § 2. 4, only H-J may be an allowable poten:tial and OPEH and Reid SC are nearly critical one.
This criterion brings very serious problems to the nuclear saturation. It is lmown 5 l that the binding energy of nuclear matter is very small for H-J, i.e., for such a potential with a large hard core and a strong tensor interaction, even if various corrections are taken into account, and those of some finite nuclei are also in the same situation.
It is noted that a definite conclusion about the allowance for two-body potentials depends on contributions from the many-body forces, too. 5) The scattering wave functions for the relative motion are also obtained by our method. The r .m.s. radii are calculated with these correlated wave functions and found to be 1.64 fm and 1.67 fm for 4 He and 3 H, respectively. The r.m.s. radii by the corresponding model wave functions are 1.85 fm and 1.96 fm, respectively. It is concluded that the r.m.s. radii calculated with the model and scattering wave functions are very different from each other and, therefore, the "effective" r.m.s. radius operator should be considered in the model space. 6) The most important contribution among various higher correlations comes from the rearrangement in the Fermi sea during the two-particle scattering. The hole-hole correlation energy Whh, which exists only in the case of 4 He, is -0.9 MeV /particle. This correlation energy Whh being included, the total binding energy of 4 He is 23.0 MeV for H-].
The contribution from the three-particle scattering correlation. Wa is less than 1 MeV in absolute value. The four-particle scattering correlation energy for 4 He may be reduced to a very small value because of low density of 4 He. We do not investigate the many-body forces but they may play important roles in obtaining residual parts of binding energies. 7) The various corrections estimated in this paper have rather small contributions to the binding energy. Improvement of the single particle h.o. wave function has only a very small effect and double self-consistency is not necessarily important for the lightest nuclei. It is emphasized that our treatment with a simple h.o. wave function for the internal Hamiltonian is valid.
A correction comes from potential insertion in the particle states just above the Fermi surface. Although the potential energies are very small, the binding energy increases by about 2 MeV by this correction in the case. of 4 He.
The large spacings between the levels in the Fermi sea and those in intermediate states may assure a good convergence of Goldstone's expansion series. 8) The abrupt increment of the binding energy of 4 He from 3 H is understood as follows; Although the reaction matrix elements in 3 E state are reduced in 4 He due to their starting energy dependence, increments in the number of bonds and in the density at the minimum energy bring an increment of the binding energy from 2 MeV /particle in 3 H to 5 Me V/particle in 4 He through the independent pair scattering mode. Furthermore, the hole-hole rearrangement correlation in 4 He which does not take place in 3 H adds 0.9 MeV /particle to the binding energy. The numerical calculations were carried out at the Data Processing Center, Kyoto University.
